
:s30 LINUS PAULING, DAVID PRESSMAN AND DAN FL. CAMPBELL Vol. 66 

molten at 155° for one minute, dissolved in 5 ml. of benzene, 
diluted with 5 vol. of petroleum ether and chrornatographed 
(18 X 2.5 cm.). 

7 yellow, irreversible 
40 colorless 
•i7 orange-red, natural methylbixin: 485, 454 m u-

4 pink, all-trans: 489, 457.5 m^ 
4 orange, neo A: 485.5, 452 mji 

10 yellow-orange, neo B: 471, 444 m,u 
2 almost colorless 

50 orange, unchanged neo C: 480, 448.5 rati 
Filtrate: yellow (irreversible) 

The colorimetric ratio was, natural: all-trans: neo A: 
neo B: unchanged neo C = 51:4:4:5:36. 

(e) cis-trans Isomerization of Neomethylburin C by 
Iodine Catalysis at Room Temperature.—Three milligrams 
of pigment was catalyzed in benzene with 20 yug. of iodine. 
After standing for thirty minutes the solution was de
veloped with benzene-petroleum ether (1:5) on a column 
(18 X 1.9 cm.). 

20 colorless 
49 orange-red, all-trans: 489, 456.5 uiu. 
20 orange, neo A: 484, 452.5 m ^ 
2 yellow 

23 yellow-orange, unchanged neo C: 478, 448 m/x 

The colorimetric ratio was, all-trans: neo A: unchanged 
neo C = 63:25:12. 

(d) Photochemical cis-trans Isomerization of Neomethyl-
bixin C.—A solution of 2 mg. of pigment in 3 ml. of benzene 
was insolated for fifteen minutes and after dilution with 
10 ml. of petroleum ether, chrornatographed (18 X 1.9 
em.). 

The framework theory (lattice theory) of 
serological precipitation and agglutination, first 
proposed by Marrack,1 was shown by Marrack 
and by Heidelberger and Kendall2 to account 
for many experimental observations. Because 
of its simplicity and its compatibility with the 
available information about intermolecular forces, 
this theory was incorporated in his general 
theory of the structure and process of formation of 
antibodies by one of the present authors.3 

Strong support of the framework theory has 
been provided during the past two years by the 
results of extensive studies of the reactions of 
antibodies and simple substances,4 based upon 

(1) J. R. Marrack, "The Chemistry of Antigens and Antibodies," 
Report No. 194 of the Medical Research Council, His Majesty's 
Stationery Office, London, 1934; Second Edition, Report No. 230, 
1938. 

(2) M. Heidelberger and F. E. Kendall, J. Expll. Med., 61, 659, 
503; 62,467,697 (1935); M. Heidelberger, Ckem. Rev., 24, 323 (1939). 

(3) Linus Pauling, Tins JOURNAL, 62, 2043 (1940). 
(4) Linus Pauling, David Pressman, Dun H. Campbell, and 

ootlnliorators, THIS JOI-RNAU. 64, 2994, 3003. 3010. 301S (1942): 
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23 colorless 
15 orange-red, natural methylbixin: 485, 453.5 m/j 
11 colorless 
4 pink, neo A: 484.5, 453 m/u 
3 colorless 

65 yellow-orange, unchanged neo C: 478.5, 448 mu, 

The colorimetric ratio was, natural: neo A: unchanged 
neo C = 21:2:77. 

Summary 
Besides "labile methylbixin," now named "na

tural methylbixin," and "stable" termed "all-
fraws-methylbixin," two other stereoisomers, neo 
A and C, have been isolated in crystals; several 
minor members of this set were observed in solu
tion. The mutual conversion of the stereoiso
mers can be carried out by means of thermal meth
ods, iodine catalysis or insolation. Natural and 
all-fVaws-methylbixin are practically not intercon
vertible by refluxing or exposure to sunshine. 
In contrast, the reversible formation of neo C 
from natural methylbixin and of neo A from the 
all-trans form takes place easily under similar 
conditions. On the basis of spectroscopic data, 
especially "cw-peak" measurements, configura
tions are suggested for the four main observed 
methylbixins. 

PASADENA, CALIFORNIA RECEIVED OCTOBER 25, 1943 

the observations by Landsteiner and Van der 
Scheer6 of the precipitation of antibody by certain 
simple substances containing two haptenic groups. 
It was found4 from experiments with about fifty 
substances that all of those (about twenty) con
taining two or more haptenic groups (azophenyl-
arsonic acid groups) per molecule gave precipi
tates with antiserum homologous to this hap
tenic group, and that none of the monohaptenic 
substances gave a precipitate. This fact is 
most readily accounted for by the framework-
theory. 

The argument might be made, however, that 
no more than one of the haptenic groups of a 
molecule of a polyhaptenic substance is involved 
in interaction with antibody molecules, and that 
the difference in precipitability of polyhaptenic 
and monohaptenic substances with antiserum is 
due to some difference in properties of these two 
classes of substances, such as a tendency to asso-

(5) K. Landsteiner and J. Van der Scheer, Proc. Soc. EiOlJ. Biol. 
KUiI.. %%, 747 (1932) 
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date into colloidal particles.6 In order to test 
this point, we have carried out a new experiment, 
the results of which show that each of the two 
haptenic groups of a dihaptenic substance enters 
into specific combination with antibody in the 
formation of the precipitate. 

The experiment7 was made with use of two 
different antisera, one of which (anti-R serum) 
was prepared by injecting rabbits with azoprotein 
containing R groups (£-azophenylarsonic acid 
groups) and the other (anti-X serum) by injecting 
with azoprotein containing X groups (/>-azoben-
zoic acid groups). A substance was used as pre
cipitating antigen which had one R group and one 
X group per molecule. I t was found that this 
RX substance does not give a precipitate with 
either anti-R serum or anti-X serum alone, but 
does give a precipitate with a mixture of these two 
antisera. Similar results were obtained also with 
another RX substance. 

This striking experimental result corresponds 
exactly to the behavior predicted by the frame
work theory: according to this theory the RX 
substance cannot give a precipitate with anti-R 
serum because its molecules contain only one R 
group, and are hence univalent with respect to 
anti-R antibodies and so are unable to form a 
framework with them; and similarly it can not 
give a precipitate with anti-X serum. (Indeed, 
it is predicted, and verified by experiment, that 
this effectively monohaptenic substance can 
inhibit the precipitation of either anti-R serum 
or anti-X serum by corresponding polyhaptenic 
simple substances or azoproteins.) But the RX 
substance is effectively dihaptenic and bivalent 
with respect to a mixture of anti-R serum and 
anti-X serum, since each molecule can form two 
bonds, one with an anti-R antibody molecule 
and one with an anti-X antibody molecule; and 
accordingly a specific framework precipitate, 
containing equal numbers of the two kinds of 
antibodies, can be formed with the mixed anti
serum. 

Let us now ask to what extent this experi
mental result supports the framework theory— 
whether it might not be equally compatible with 
some other theory. The answer is that our experi
ment shows that both of the two haptenic groups 
R and X of the RX molecule enter into specific 
combination with antibody, that the molecule 
of precipitating antigen is hence truly bivalent, 
and that this bivalence is necessary for precipita
tion . This, however, is common to two theories— 
the framework theory, which requires that the 
antibody molecules, as well as the antigen mole
cules, be bivalent or multivalent, and an alterna
tive theory, which is based on the assumption 
that a complex of a multivalent antigen molecule 
and two or more univalent antibody molecules is 

(6) K. Landsteiner, "The Specificity of Serological Reactions," 
Charles C. Thomas, Baltimore, Md., 1936, p. 120. 

(7) A brief statement about this work has been published in 
Scitnct. Ig, 203 (1943). 

for some reason or other insoluble, and constitutes 
the precipitate.8 

Basis for decision between these theories is 
provided by the results of two other experiments, 
one relating to the antibody-antigen molecular 
ratio in the precipitate and the other to the solu
bility of the precipitate in excess antibody. Since 
we know that the RX precipitating antigen is 
truly bivalent, the effective valence of the anti
body molecules can be calculated from the 
antibody-antigen molecular ratio. The value 
found by analysis for this ratio is 0.7, which 
corresponds to an average effective antibody 
valence of 2/0.7 = 2.8; for univalent antibody 
the molecular ratio would be 2. (The assumption 
is made here that the antigen molecules are not 
associated into complexes, which might then form 
a precipitate with antibody with use of only some 
of the haptenic groups. Evidence against asso
ciation of this sort is furnished by the failure of 
the RX substances to precipitate with anti-R 
serum or anti-X serum alone.) 

The second experiment is based on the follow
ing argument. If antibody molecules are uni
valent, and the precipitate consists of RX antigen 
molecules each of which has two attached anti
body molecules, increase in antibody concentra
tion, with amount of antigen held constant, would 
necessarily increase the amount of precipitate; 
decrease in the amount of precipitate, which 
could occur only by formation of a soluble com
plex, would not occur because the antigen mole
cules in the precipitate would be already saturated 
with antibody, and so could not increase their 
valence, and the antibody molecules could not 
decrease their valence (below the value 1) and 
remain attached to antigen. But a framework 
precipitate with multivalent antibody could dis
solve in excess antibody by formation of soluble 
complexes, the effective valence of the antibody 
molecules in these complexes being less than that 
in the precipitate (1 instead of 2 or 3), and the 
antibody-antigen ratio being greater than that 
for the precipitate; according to the principles of 
chemical equilibrium, increase in the antibody 
concentration would then lead to solution of the 
precipitate. The observation that increase in the 
amount of mixed antiserum results in pronounced 
decrease in the amount of precipitate formed with 
the RX substance accordingly eliminates the 
theory of univalent antibody and provides fur
ther proof of the framework theory. 

A detailed discussion of these experiments 
and of other experiments with the RX substance 
(hapten inhibition, etc.) is given below, following 
the section on experimental methods and results. 

Experimental Methods and Results 
T h e following substances containing groups R = 

(8) The "occlusion" theory proposed by W. C. Boyd, J. Expll. 
Med., 78, 407 (1942), is a theory of this sort. See also F. Haurowiti 
and V. Schwerin. British J Expll. Path., S3, 14fi (1942). 
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-NN< >AsOjHs> R ' = 

COOH, and X ' = 

SO3Hix A ;SO sH 

R ' R ' 
NH 2 OH 

R / ^ / N X ' 

X = 

X were 

SO3H SO3H 

X ' X ' 
OH OH 

SO3H' SO3H SO3Hx 

R X ' 

0H< 

1SO3H 

X 

X * 

NH 2 OH 

SO3H' SO3H 

The substances R ' X ' and R X ' are the "RX substances" 
referred to in the preceding discussion. 

Preparation.—The substances R ' R ' and R* have already 
been described,4 and X ' X ' and X* are described in a paper 
to be published soon.9 The substance R ' X ' was prepared 
by diazotizing 1.3 g. (0.0038 mole) of £-(£-aminophenyl-
azo)-phenylarsonic acid, removing excess nitrite with urea, 
and coupling with 1.35 g. (0.0040 mole) of recrystallized 
"H-acid" in acetate buffer. The intermediate red com

pound was precipitated by addition 
of hydrochloric acid and washed 
twice with 500 ml. of water contain
ing 10 ml. of 6 N hydrochloric acid 
and 3 g. of sodium chloride. The 
substance was then dissolved in 
sodium carbonate solution and 

added to a diazotized solution of 0.312 g. (0.0012 mole) of 
£-(£-aminophenylazo)-benzoic acid.9 The product was 
precipitated with hydrochloric acid, dissolved in 500 ml. of 
sodium hydroxide solution, and reprecipitated with hydro
chloric acid and sodium chloride and an equal volume of 
ethanol, leaving most of the remaining intermediate in 
solution. The process of solution and precipitation was 
repeated until the solution showed constant color, and 
sodium chloride was then removed from the product by 
extraction with 90% ethanol. Although the product was 
not crystallized, there is little doubt of its identity and 
purity; the method of preparation is based on the fact that 
at low pK substitution occurs in the 7 position of H-acid, 
ortho to an amino group, and not in the 2 position, ortho 
to a hydroxyl group, reaction at the latter position occur
ring in basic solution. 

The R X ' compound was made by diazotizing 4.0 g. 
(0.020 mole) of £-arsanilic acid and adding it very slowly 
to 6.0 g. (0.019 mole) of chromotropic acid in solution 
with sodium carbonate (final pK 9). After one hour a 
diazotized and neutralized solution of 1.3 g. (0.005 mole) of 
p-(£-aminophenylazo) -benzoic acid was added and the pK 
was adjusted to 9. The product was purified in the way 
described above; this process removes any RR compound 
which is formed. 

•Anti-R, anti-R', and anti-X sera were prepared as 
described elsewhere/9 and the precipitation experiments 
were carried out in the usual way.4 Several pools of anti-
sera were tested; the same pools of anti-R and anti-X 
autisera were used for all of the quantitative experiments 
reported in this paper. 

The substance R X ' was found not to precipitate with 
anti-X serum, anti-R serum, or anti-R' serum, or with a 
mixture of anti-R' serum and anti-X serum; it formed 
heavy precipitates with a mixture of anti-R serum and 
anti-X serum. 

(9) David Pressman, Stanley M. Swingle, Allan L. Orossberg and 
Linus Pauling, paper to be submitted for publication in THIS 
JOl'RXA! 

The substance R ' X ' gave no precipitate or only very 
slight precipitates with various pools of anti-X serum, anti-
R serum, or anti-R' serum; heavy precipitates were 
formed with mixtures of anti-R serum and anti-X serum 
and with mixtures of anti-R' serum and anti-X serum. 
The quantitative experiments reported in Tables I to V 
were carried out with pools of sera which separately gave 
no precipitate with R 'X ' . 

The failure of the substance R X ' to precipitate with a 
mixture of anti-R' serum and anti-X serum is related to the 
fact' that anti-R' serum in general does not precipitate 
with polyhaptenic substances containing R groups. 

It was found that the substances R X ' and R ' X ' act as 
monohaptenic substances in inhibiting the specific pre
cipitation of R ' R ' with anti-R' serum or anti-R serum and 
of X ' X ' with anti-X serum. Data showing the effect of 
haptens R* and X* on some precipitation reactions are 
given in Table I I . 

TABLB I 

PRECIPITATION OF ANTIGENS R 'R ' , X ' X ' , R ' R ' 4- X 'X ' , 

AND R ' X ' WITH MIXTURES OP A N T I - R SERUM AND A N T I - X 

SERUM 

Antigen solution, 2 ml.; mixed antiserum, 1 ml.; 1 hour 
at room temperature and 2 nights in refrigerator; pH of 
supernates 8.1. 

Moles of antigen X 10» 
Ratio 

anti-R serum 
anti-X serum0 

93:7 

62:38 

17:83 

Antigen 

R ' R ' 
X ' X ' 
R 'R ' + X'X'C 

R ' X ' 
R ' R ' 
X ' X ' 
R 'R ' + X'X'C 

R ' X ' 
R 'R ' 
X ' X ' 
R 'R ' + X 'X ' e 

R ' X ' 

6 18 54 167 500 
Amount of precipitated antibody. 

Cg.' 
52 

0 
14 
48 
44 
4 
8 

22 
(12) 

9 
9 

12 

522 
0 

136 
60 

(261) 
22 

104 
158 

16 
23 
12 
16 

1134 
0 

913 
72 

(446) 
80 

439 
792 

9 
706 
137 

25 

721 
0 

1070 
60 

(169) 
50 

481 
821 

5 
756 

1024 
66 

162 
0 

564 
60 
25 
23 

236 
623 

4 
280 
906 

90 

" The ratio 62:38 was selected as that for which the 
optimum concentrations of the antigens R ' R ' and X ' X ' 
are the same; the other ratios are 8 and Vs times as great, 
respectively. h Average of triplicate analyses, with mean 
deviation = t2%; duplicate analyses in parentheses. 
' In equimolal amounts, with totals as given above. 

Discussion of Results and Comparison with 
Theory 

The qualitative behavior of the substances 
RX' and R 'X ' in precipitation and in hapten 
inhibition, as described above, is just that pre
dicted by the framework theory. The quantita
tive data given in Tables I and II are also in 
accord with this theory. In particular, there is 
some verification of the prediction of the frame
work theory that the precipitate with R 'X ' 
should contain equal numbers of anti-R molecules 
and anti-X molecules; this would require that the 
amount of precipitate be small in case that either 
anti-R or anti-X serum be present in small 
amount, in agreement with observation. 

It is also predicted, and verified by experiment, 
that precipitation of mixed antiserum with R 'X ' 
can be completely inhibited by the presence of 
either hapten R* or hapten X*, whereas precipita
tion with a mixture of R 'R ' and X 'X ' is only 
partially inhibited by either of these haptens. 
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TABLE II 

INHIBITION BY HAPTENS R* AND X* OF PRECIPITATION OP ANTIGENS WITH MIXTURES OP A N T I - R SERUM AND A N T I - X 

SERUM 

Antigen solution, 1 ml.; mixed antiserum, 1 ml.; hapten solution, 1 ml.; 1 hour at room temperature and 2 nights in 
refrigerator; pK of supernates 8.1. 

Ratio 
anti-R serum: 
anti-X serum 

93:7 

62:38 

17:83 

Ant igen 0 

R'R' + X 'X" 
R'X' 
R'R' 
X'X' 
R'R' + X'X'C 

R'X' 
R'R' + X'X'e 

R'X' 

0 

985 
64 

321 
(71) 

344 
827 
496 

49 

Moles Ol 
37 

441 
41 
85 

(61) 
132 
527 
502 

39 

f hapten R * X 10» Moles of hapten X * X 
111 333 1000 37 111 333 

Amount of precipitated antibody, /«g.' 

102 
(21) 
19 

(59) 
61 

290 
470 

31 

20 
(10) 

5 
57 
52 
88 

434 
21 

0 
0 
0 

56 
51 
15 

319 
11 

956 
50 

315 
(43) 

316 
553 
223 

34 

949 
27 

311 
(15) 

342 
219 
48 
17 

944 
19 

305 
0 

302 
48 
11 
9' 

10« 
1000 

1004 
5 

292 
0 

300 
15 
11 
7 

- Total moles of antigen used: R 'R ' , 50 X 10-»; X ' X ' , 50 X 10-»; R ' R ' 4- X ' X ' , 100 X 10"9; R 'X ' , 100 X lO"' . 
6 Average of triplicate analyses, with mean deviation ± 2 % ; duplicate analyses in parentheses. ° In equimolal amounts. 

TABLE I I I 

ANTIBODY-ANTIGEN MOLECULAR RATIO IN PRECIPITATES 

FORMED BY R ' X ' ANTIGEN AND A MIXTURE OF A N T I - R 

SERUM AND A N T I - X SERUM 

Ratio of antisera 62:38; equal volumes of antigen solution 
and mixed antiserum: 1.5 ml. of each for first series, 2.0 
ml. for second; 1 hour at room temperature and 2 nights in 
refrigerator; pK of supernates 8.1. 
Moles 

of 
antigen 

X 10» 

100 
33 

Amount of 
precipitated 
antibody0 

1421 
456 

moles 

8.89 X 10" 

2.85 

Amount of 
precipitated 

antigen0 

Mg. moles 

10.8 11.7 X 10" 
4.2 4.5 

Molecular ratio, 
antibody/ 
antigen" 

0.76 
.63 

" Average of triplicate analyses, mean deviation ± 2 % 
for antibody, =»=2% for antigen, =*=2% for ratio. Assumed 
molecular weight of antibody 160,000, of antigen 927. 

TABLE IV 

PRECIPITATION OF M I X T U R E S OF NORMAL SERUM AND 

ANTISERUM AT CONSTANT AMOUNT OP ANTIGEN 

Antigen solution, 2 ml., containing either 5 X 10~9 

moles of antigen R ' R ' (series A) or 6.7 X 10"» moles of 
antigen R ' X ' (series B); mixture of antiserum and normal 
serum, 2 ml.; 1 hour at room temperature and 2 nights in 
refrigerator; pit of all supernates 8.1. 

Antiserum 
Amount of antibody precipitated, / ig.b concentration 

in mixture" 

1.00 
0.67 

.45 

.30 

.20 

.13 

.088 

.059 

Series Bd 

39 
106 
120 
109 
81 
47 
23 

Series A c 

39 
35 
93 

128 
133 
120 
90 
51 6 

0 Anti-R serum (Series A) or 62:38 mixture of anti-R 
serum and anti-X serum (series B) diluted with normal 
rabbit serum to the extent indicated in this column. 
6 Averages of triplicate analyses, with mean deviation 
± 3 % . * Blank of anti-R serum and buffer, 5 Mg',' blank 
of normal serum and antigen R 'R ' , 5 ^g- ** Blank of 
62:38 antiserum mixture, 6 jug-; blank of normal serum 
and antigen R 'X ' , 5 ng. 

An interesting feature of the data in Tables I and II is 
that the 62:38 mixture of antisera gives a larger amount of 
precipitate with the R ' X ' antigen than with R ' R ' and 
X ' X ' together. This is presumably related to the fact 
that the amount of precipitate formed with antigen R ' R ' 

(or X ' X ' ) alone falls off very rapidly with decrease in the 
fraction of anti-R (or anti-X) antiserum in the mixture; 
for example, the amount of precipitate formed by X ' X ' 
with the 62:38 mixture is only about one-ninth of that 
formed with the 17:83 mixture, although the first mixture 
contains nearly one-half as much anti-X antibody as the 
second. The amount of precipitate formed by antigens 
R ' R ' and X ' X ' together would be expected to be about 
equal to the sum of the amounts formed by these antigens 
separately, since the two precipitates are mutually inde
pendent. But a single precipitate is formed by R ' X ' , 
containing equal amounts of the two kinds of antibody, 
and accordingly the amount of precipitate would be ex
pected to be about equal to that formed by R ' R ' or X ' X ' 
with a mixture containing double the amount of anti-R 
serum or anti-X serum as is, indeed, observed. 

It has been noted in general that simple antigens, in 
contradistinction to protein antigens, are far from com
pletely precipitated by antisera, and that the fraction of 
the antigen remaining in solution at the optimum region 
increases on dilution of the antiserum with normal serum 
or heterologous antiserum; this effect, as discussed above, 
is to be noted in Table I. We have not yet carried out a 
sufficiently detailed experimental study of these phenomena 
to justify an extended discussion of them. 

A mathematical discussion based on the simpli
fied model treated previously4'10 can be carried 
out for the RX precipitation reaction, leading 
to results in general correspondence with experi
ment. Let A represent the R 'X ' antigen, B f l ) 

and B(2) the anti-R and anti-X antibodies, re
spectively, which are assumed to be bivalent and 
homogeneous, and H(1) and H(2) the haptens R* 
and X*, respectively. I t is assumed that, in 
addition to the precipitate A2B

(1'B<2), certain 
soluble complexes exist, and that their equilibrium 
constants of formation have the values given 
below; these values have been assigned on the 
basis of structural considerations, with inclusion 
of the entropy term arising from the symmetry 
numbers of the molecules. 

A + B'1 ' = AB<» 
A + B<« = AB<» 

2A + B<» = AB<»A 
2A + B<« = AB«'A 

2A + B<» + B<2> = AB<»AB<» 
2A + B<» + B«> = AB<»AB<» 

2A1 
2A2 

A1* 
A2* 

4A1
8A2" 

4AZA2
2 

(10) Linus Pauling, D a n H. Campbell, and David Pressman, 
Physiol. IUv., U , 203 (1943). 
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H") + B«> = H(,>B«> 2Ki' 
H<» + B<» = H«>B'» 2K2' 

2H<» + B»> = Hd'B'^H") K,'2 

2H(2) + B<" = H<2>B<2>H<!) K2 '2 

A + B<» + H<« = AB«»H«) 2K1K1 ' 
A + B<2> + H<2» = AB<S>H<2> 2K2K2 ' 

By straightforward solution of the equilibrium 
equations there is obtained for the case that no 
hapten is present a set of simultaneous equations 

ft2(l + K,a)2 

A total 
R(U _ R « _ 
" t o t a l -"total 

- BlH1) -S(I + K1C1)Va' = 0 

(1) 
a. + ,S1(I - K 1 V ) + 
S(I - K 2 V)A 2 A = 0 (2) 

D ( I ) 
- ^ to t a l ft(l + Kia)* (3) 

These three equations are to be solved for three 
unknown quantities, the amount of precipitate 
.4»B ( 1 )JB ( 2 )(PP) and the two auxiliary variables a, 
the concentration of molecular species A in solu
tion, and /Si, the concentration of molecular species 
B(1); the other quantities are the equilibrium 
constants K\ and Kt, the solubility product S = 
[A]2[B(1>][B(2>] of the precipitate,' and the solu
bility 5 of the precipitate as the complexes 
AB<^AB<2> and AB^AB'1), with j = 4{Ki"Kr + 
Ki2KZ)S. A convenient method of solving the 
equations is to leave A totai undetermined, and to 
introduce numerical values of the other param
eters; introduction in Equation 1 of a trial 
value of a permits solution for ft, after which 
A total may be evaluated from Equation 2 and 
AiB^B(i>(pp) from Equation 3. 

25 r 

u 20 

B 
'H. 
I 15 
O. 

*> 1 0 
K 
S 
O 

a 
< 5 

0 
0 20 HiO 40 60 80 100 120 140 

Amount of added antigen. 
Fig. 1. -Curves showing results of theoretical calcula

tions of amount of precipitate formed by antigen RX with 
an equimolal mixture of anti-R serum and anti-X serum. 
as function of amount of antigen: B 0>. = B CZ) 

total = 25, 
5 = 2, and K1 = K1" = 1 for all curves; K. = K2" = 0.2 
for curve 1, 1 for curve 2, and 5 for curve 3. 

Curves showing dependence of amount of pre
cipitate on amount of antigen with equal 
amounts of the two kinds of antibody present 
(Fig. 1) are similar to those for the precipitation 
of one kind of antibody by homologous di-
haptenic antigen.'* As the ratio of the amounts 
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3 
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Fig. 2,—Curves showing calculated amount of precipi

tate as functions of amount of antigen RX for various rela
tive amounts of anti-R and anti-X antibody. All curves 
are for Ki = K\' = K2 = K2* = 1 and s = 2. From top 
to bottom the curves correspond to the following pairs of 
values of JStitai a n d 5 t o u i : 25, 25; 20, 30; 15, 35; 10, 
40; 5, 45. 

of the two kinds of antibody is varied more and 
more from unity, the calculated curves of the 
amount of precipitate show broader and broader 
regions of approximate constancy (Fig. 2), result
ing from the buffering action of the antibody 
present in excess, which combines with excess 
antigen to form a soluble complex, and thus inter
feres with the reaction of solution of the precipi
tate in excess of antigen; it is seen that the antigen 
concentration at w;hich the amount of precipitate 
reaches its approximate maximum is determined 
by the amount of that kind of antibody which 
is present in smaller quantity, and that the 
antigen concentration at which the amount of 
precipitate begins to decrease is determined by 
the amount of the other kind of antibody. Ex
perimental verification of these details of predic
tion cannot be expected until essentially homo
geneous antibody solutions have been made by 
fractionation of antisera; however, the predicted 
general difference in nature is shown by the R 'X' 
data given in Table I for the 93:7 mixture (broad 
region with nearly constant amount of precipi
tate) and the 62:38 mixture (rather narrow opti
mum region). Verification of the existence of the 
broad region of nearly constant amount of pre
cipitate was obtained by the repetition of the 
experiment with the 93: 7 mixture, with inclusion 
of points for smaller and larger amounts of the 
antigen R'X' ; the amount of precipitated anti
body was found to be constant (80 =*= 10 fig.) 
over the range 18 to 500 X 10 -9 mole of antigen, 
and to decrease for smaller and for larger amounts 
of antigen (34 <ug. at 6.2 X 10~9 mole of antigen, 
60 ng. at 1500 X IQ-9). 

When hapten of one kind is also present in the 
system, the equilibrium expressions may be com-



March, 1944 EVIDENCE FOR THE FRAMEWORK THEORY OF SEROLOGICAL PRECIPITATION 335 

bined to form the set of simultaneous equations 
4 to 7. 

ft»(l + Kia + X1'^)2 - A(BS111 - 3™.,) -
5(1 + X2«)Va! = 0 (4) 

fc'IU + KI'TI)2 - iCi'a'} + fh\AM - S ^ 1 - B<&, -
a) + 5(1 - A,V)/a» = 0 (5) 

•fftoLl - 7i + 2X,'/S,7i + 2AY=A7I
1 + 2X1AYaA7I 

(6) 
4!SWSW(PP) = B " ^ - A(I + Kia + AY7,)S - * 

(7) 

Here H$M is the total amount of hapten (of the 
first kind) added and 71 = [H(l)] is another auxil
iary variable. A similar set of equations can be 
derived for the case that hapten of the second kind 
is present. Solution of these equations may be 
made by selecting a value of 71 and finding by 
successive approximations the values of a and /3i 
which satisfy Equations 4 and 5, and then deter
mining i?t

(itai and AaB^B^ipp) from Equations 
6 and 7, respectively. 

The calculated curves for hapten inhibition 
by either kind of hapten when equal amounts of 
antibodies of the two kinds are present are closely 
similar to those for the simpler systems pre
viously treated.4 However, an interesting effect 
is predicted to occur when one antiserum pre
dominates in the mixture and a small amount of 
antigen is present: a normal inhibition curve, 

20 40 60 
Anjpunt of hapten. 

Fig. 3.—Calculated effects of haptens H<"> and H<2> on 
precipitation of antigen RX with an antiserum mixture 
containing four times as much anti-R antibody as anti-X 
antibody .(Bt&'ai = 10, B^1 - 40). From top to bot
tom the curves are for .dtoui = 20, 50, arid 100; of each 
pair the curve at the left is for hapten H(1) and the other for 
hapten H<!). 

linear in amount of hapten added, is found from 
the equations for one hapten, whereas the other 
hapten, that homologous to the antibody present 
in the larger amount, is predicted to be ineffective 
in small amounts, and to produce inhibition of 
precipitation only after enough of the hapten 
has been added to neutralize the excess of anti
body in solution; calculated curves are given 
in Fig. 3. To test this prediction experiments 
were carried out, in triplicate, for the 93:7 mix
ture with the R 'X ' antigen (antigen solution, 2 
ml., containing 200 X IO"9 moles of R 'X ' anti
gen; mixed antiserum, 2 ml.; hapten solution, 
2-ml.; one hour at room temperature and two 
nights in refrigerator; pU of supernates 8.1; 
mean deviation of triplicate analyses ± 2%); 
the results are shown in Fig. 4. It is seen that 
there is a small initial region for which inhibition 
by the R* hapten does not occur. (In the com
parison of Figs. 3 and 4 it should be remembered 
that the curves for Fig. 3 are calculated for hap
tens of equal bond-strength constant K', whereas 
K' for hapten R* is considerably larger than that 
for X*.) It is likely that the predicted effect 
would be shown more strikingly by fractionated 
antibody solutions than by the heterogeneous 
antisera used in these experiments. 

0 25 50 75 
Amount of hapten (moles X 10'). 

Fig. 4.—Experimental values of amount of precipitate 
formed by antigen R'X' with 93:7 mixture of anti-R serum 
and anti-X serum in presence of hapten R* (solid circles) 
or hapten X* (open circles). 

Experimental data bearing on the valence of 
the antibody molecules are given in Tables III 
and IV. The observed antibody/antigen molecu
lar ratio of about 0.7 in both the equivalence zone 
and the region of antibody excess (Table III) 
corresponds, with antigen known to be bivalent, 
to 2/0.7 = 2.8 for the average valence of the 
antibody molecules in the precipitate. 

The second of our arguments for the multi-
valence of antibody molecules is based on the 
solubility of antigen-antibody precipitates in 
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excess antibody. This phenomenon has been 
reported for many antigen-antibody systems, 
especially with horse antibody. We have ob
served it to occur with rabbit antibody and 
simple polyhaptenic antigens; the results of an 
experiment of this sort, with anti-R serum and the 
substance R'R', are given in Table IV. In this 
table there are given also data for a similar 
experiment with the substance R 'X ' and a mix
ture of anti-R serum and anti-X serum; the ob
served decrease in the amount of precipitate with 
increase in amount of antiserum can be accounted 
for only with the theory of multivalent antibody. 

It is known that excess of one component 
causes decrease in the rate of precipitation of 
antibody and antigen, and the question may be 
asked as to whether the effect of excess antibody 
reported in Table IV might be due to failure of the 
reaction to be completed in the time allowed. An 
experimental test of this possibility was made, 
with the results given in Table V. Tubes were 
set up corresponding to the first and fifth experi
ments of Series A of Table IV, representing, 
respectively, the region of antibody excess (Series 
C) and the region of optimum precipitation 
(Series D). These tubes were allowed to stand 
for times ranging from two to fifteen days, and 
then were analyzed. The values obtained after 
two days are close to the corresponding values 
of Table IV. In both series the amount of pre
cipitate was observed to increase for six days, 
and then to remain essentially constant. The 
difference in amount of precipitate for Series C 
and Series D remained constant throughout the 

TABLE V 

EFFECT OF TIME OF STANDING ON AMOUNT OF PRECIPITATE 

OBTAINED IN THE REGIONS OF ANTIBODY EXCESS AND 

OPTIMUM PRECIPITATION 

Solution of antigen XXX, 2 ml. (5 X 10"9 mole); anti-R 
serum, 2 ml. for series C and 0.4 ml. plus 1.6 ml. of normal 
serum for series D; 1 hour at room temperature and 
indicated times in refrigerator. 
Time of standing Amount of antibody 

in refrigerator, precipitated (fig.)a 

days Series C Series D 

2 

4 
6 

34 
37 
78 
59 
27 
62 

110 
138 
150 
156 
138 
131 

10 
15 

" Averages of triplicate analyses with mean deviation 
± 2 ng. Values are corrected by subtraction of the blanks 
for serum and buffer, which ranged between 14 and 23 ,ug. 
The large values of the blank in comparison with those of 
Table IV (5 ^g-) may be due to change in the antiserum 
during the period of three months between the experiments. 

period; from these results we conclude that the 
effect of excess antibody in decreasing the amount 
of precipitate is real, and is not due to a difference 
in the rate of precipitation. 

Solubility of the precipitate in excess of anti
serum has been reported for a few systems, such 
as diphtheria toxin and horse antitoxin, but not 
for antigen-antibody systems in general. Theo
retical considerations3'11 indicate that solubility 
in antibody excess should occur for antigens with 
small valence (such as the dihaptenic substances 
of Table IV) but not for antigens with large 
valence, which would only with difficulty be 
saturated with antibody to form a soluble com
plex. 

This work was carried out with the aid of a 
grant from The Rockefeller Foundation. Dr. 
Stanley Swingle and Mr. Allan L. Grossberg 
helped with the experimental work. 

Summary 

It has been found by experiment that sub
stances of the type RX, containing two different 
haptenic groups, do not form precipitates with 
either anti-R serum or anti-X serum alone, but do 
form precipitates with a mixture of the two specific 
antisera. This provides proof of the effective 
bivalence of the dihaptenic precipitating antigen, 
and thus furnishes further evidence for the frame
work theory of antigen-antibody precipitation. 
In these experiments the anti-R serum and anti-X 
serum were made by injecting rabbits with sheep 
serum coupled with diazotized ^-arsanilic acid 
and diazotized p-aminobenzoic acid, respectively, 
and the RX substances used were l-a.tmno-2-p-
(£-azophenylazo)-phenylarsonic acid-3,6-disul-
fonic acid-7-£-(p-azophenylazo) -benzoic acid-8-hy-
droxynaphthalene and l,8-dihydroxy-2-£-azo-
phenylarsonic acid-3,6-disulfonic acid-7-£-(£-azo-
phenylazo) -benzoic acid-naphthalene. 

The antibody-antigen molecular ratio in the 
precipitate was found by analysis to be 0.7, which, 
with antigen known to be bivalent, leads to the 
average valence 2.8 for the antibody molecules 
in the precipitate. Further evidence that the 
antibody valence is greater than 1 is given by the 
observation that the precipitate is soluble in ex
cess of antiserum. 

A simple physicochemical theory of the pre
cipitation of RX antigen with mixed antiserum 
and of its inhibition by haptens is developed and 
compared with experiment. 
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